We consider two coupled Bose-Hubbard rings populated with ultra-cold bosons with repulsive interactions. The atoms can either tunnel between the sites of the same ring, with a given interring coupling, or between the sites of different rings coupled by an intra-ring coupling. By solving the corresponding Bose-Hubbard Hamiltonian we obtain the many-body ground state for different values of the interaction and tunneling strengths. We characterize the static many-body properties of the ground state by means of coherence, correlations and entanglement.
I. INTRODUCTION
The recent advances in the preparation and control of ultracold atomic gases have fostered the appeareance of a specific subfield, termed Atomtronics [1, 2] . Atomtronics aims at producing the basic tools to develop quantum technologies with ultracold atoms. The idea is to mimic the field of electronics with atomic devices, where the carriers are neutral atoms. The analog of electronic circuits is to design atomic architectures by coupling simple elements capable of producing complex applications. For instance, transfer of quantum properties between different parts of the system or production of entangled states. Entanglement is an important feature of quantum manybody systems, that can be used for quantum information processing. Atomtronic devices may then be used to simulate intricate quantum systems [3] , to develop finer sensors and improve our metrological capabilities [1] .
We consider as a basic building block of atomtronics technologies a Bose-Hubbard (BH) ring with ultracold bosons. The characterization of the ground state properties, correlations, entanglement and energy spectrum of one BH ring, has been investigated in the literature in different physical situations, see for example: for contact interacting repulsive bosons, [4, 5] , with attractive interactions [6] , the effects of dipolar interaction [7, 8] , and with two distinct atomic species [5] . Moreover, the effects of a tunable tunneling in one BH ring has been also addressed [9, 10] . Quantized vortices, which are characteristic flux states of superfluid systems in closed geometries, have been also explored in BH rings, see Refs. [9] [10] [11] [12] [13] [14] and references therein.
In this paper we propose a primary integrated circuit composed by two identical atomtronic rings forming a two-ring ladder. In particular, we investigate two identical Bose-Hubbard trimers coupled by an inter-ring tunneling parameter, that can be different from the tunneling between neighbouring sites in the same ring. Dynamical aspects of bosons in similar configurations have been previously studied in the literature: within the Bogoliubov approximation [15] , and at the mean-field * albert.escriva@fqa.ub.edu level [16, 17] , demonstrating the capability of this system to act as a qubit. In contrast, the coherent transfer of a vortex state between two spinor components of an annular BEC has been studied in a mean field description [18] .
The main novelty of our work is that we use exact diagonalisation techniques to characterize the many-body properties of the ground state of the two-ring system as a function of the tunneling parameters and onsite interaction strength. For instance, we investigate fragmentation, entanglement and quantum correlations properties of this elemental integrated circuit that can help to the guidance of future applications in atomtronics technologies. Moreover, these characteristic features of a manybody system are particularly relevant as recent experiments are already able to measure entanglement properties [19] and quantum correlations in these setups [20] .
Our paper is organized as follows: In Sect. II we describe the many-body Hamiltonian and present the parameters of the physical system. In Sect. III we give the analytical solutions of our model for the single-particle case and discuss the properties of the eigenstates of the non-interacting system. In Sect. IV we move to the many-body problem; we present the exact diagonalization results and we investigate the static properties of the ground state of the system such as the von Neumann entropy, the correlations between different sites, the Schmidt gap, and the entanglement entropy. Finally, in Sect. V we provide the main conclusions of our work.
II. THEORETICAL MODEL
We consider N bosons loaded in two stacked BoseHubbard rings with M sites each one. The system is described by the following Hamiltonian:
(â rings, respectively. The bosonic creation (annihilation) operatorsâ † i,j (â i,j ) for the site i in the ring j fulfil the canonical commutation relations, [â i,j ,â † k,l ] = δ ik δ jl . We introduce also the usual particle number operatorŝ n i,j =â † i,jâ i,j of the ith site of the ring j. U sets the strength of the atom-atom interaction which is assumed to be contact interacting and repulsive (U > 0).
This coupled system can be interpreted as a two-leg Bose-Hubbard ladder with periodic boundary conditions forming two connected rings with M sites each one. In the ladder geometry, J and J ⊥ correspond to the hopping along the rings and legs of the ladder. The competition between the two tunneling parameters determines the static properties of the two connected BH rings. In particular, there are two limiting cases: when J/J ⊥ → 0 the system behaves as M independent bosonic Josephson junctions, with two sites coupled by J ⊥ [21] , whereas when J/J ⊥ → ∞ the two rings become fully decoupled. Many-body properties of a single BH ring loaded with contact interacting bosons have been studied in Refs. [4, 6] . The general ring with a tunable tunneling, have been previously studied for M = 3 [9] and for an arbitrary (small) number of sites [10] . In this work we will consider mainly the minimal coupled atromtronic circuits, that is, two stacked trimers (see Fig. 1 for a schematic representation of the system).
III. SINGLE-PARTICLE SOLUTION
In this section we study the non-interacting case which admits analytical solutions. First of all, let us recall the single-particle solutions in one ring, with M sites and tunneling rate J, that incorporate the matching conditions. The flow basis reads (see Ref. [10] and references therein):
where |vac stands for the vacuum,â † l is the creation operator of one atom in the l site, φ q = 2πq/M and q = 0, 1, ..., M − 1 labels the vortex wave function with quantization 2πq. The corresponding eigenvalues are:
The generalization to R stacked identical rings, with M sites and tunneling rate J (intra-ring coupling), interconnected site by site by J ⊥ (inter-ring coupling) can be readily obtained. When the R coupled rings have periodic boundary conditions, the system behaves as a discrete toroidal system [22] ; it can also be constructed as M stacked rings, with R sites and tunneling rate J ⊥ , coupled by J between sites of neighbor rings, this yields to the generalized eigenvectors: where φ j = 2πj/R with j = 0, 1, ..., R − 1, and the corresponding generalized eigenvalues are (for M ≥ 3):
When R ≥ 3 and with periodic boundary conditions, each site has two nearest neighbors, one of each adjacent ring, and δ R,2 = 0. Whereas when the system is formed by only two stacked rings (R = 2) without closed boundary conditions, there is only one inter-coupling connection and δ R,2 = 1.
Let us first consider a single trimer, the flow basis expressed in the Fock basis (number of particles per site:
, e 4πi/3 ) and |ψ av ≡ |ψ 2 = 1/ √ 3 (1, e −2πi/3 , e −4πi/3 ), which correspond to the ground state (with no flow and equipopulation in all the sites, q = 0), a vortex state with clockwise flow (+2π) and q = 1, and an antivortex state with counter-clockwise flow (−2π) and q = 2, respectively. We have used a short notation: the state (a, b, c) corresponds to the state a |1, 0, 0 +b |0, 1, 0 +c |0, 0, 1 . From Eq. (2) it is straightforward to check that, due to the cyclic behavior, the wave function of a vortex with q = 2 in a trimer is equivalent to an antivortex with q = −1 .
The non-interacting solutions of two coupled trimers can be constructed as:
where |ring ↑ = (1, 0) T and |ring ↓ = (0, 1) T project the wave function into the top and bottom ring subspace, respectively. This solution was also found in Ref. [23] but in the continuous limit for an infinite number of sites by using a Bogoliubov procedure. It is interesting to note that for the single-particle case, the eigenstates of two-coupled rings are independent of the tunneling parameters J and J ⊥ , and they involve only the same kind of flux state in both rings simultaneously. This combination can be either symmetric or antisymmetric. This means that a state formed by a combination of a vortex in the top ring and an antivortex in the bottom ring is not an eigenstate of the non-interacting two-coupled ring system.
In Fig. 2 we show the single-particle energy spectrum for two stacked trimers as a function of the ratio between the inter-ring and intra-ring couplings J ⊥ /J. The ground state is non degenerate for all values of the tunneling except for J ⊥ = 0, when there is no coupling between the two rings. In this case the two rings are independent and therefore the symmetric and antisymmetric combinations have the same energy. When J ⊥ /J > 0 (J ⊥ /J < 0) the ground state is the symmetric (antisymmetric) combination of the single ring ground state solutions with energies ε
, respectively. The symmetric and antisymmetric excited states present a double degeneracy corresponding to vortex-vortex and antivortexantivortex combinations: ε
, where we have used the notation q = 0 (gs), 1 (v), 2 (av). The energy spectrum is symmetric with respect to the change of sign of J ⊥ /J.
IV. MANY BODY PROPERTIES
The system formed by two coupled atomtronic circuits described by the Hamiltonian (1) has three physical parameters: the interatomic interaction U , and the tunneling strengths J and J ⊥ . In order to study the static properties of our system for different values of the interaction and tunneling parameters, we calculate the ground state and the lower part of the many-body spectrum by exact diagonalization of the Hamiltonian [24, 25] . We characterize the ground state of the two-connected trimers by means of coherence and fragmentation properties, correlations between different sites, as well as the entanglement between the two rings.
A. Limiting situations
The many-body ground state admits analytical solutions in two limiting cases: when U/J = U/J ⊥ = 0, and when J/U = J ⊥ /U = 0.
When U/J → 0 and U/J ⊥ → 0 the tunneling terms dominate leading to a complete delocalization of each atom over all the sites. The non-interacting limit in the homogeneous case corresponds to the superfluid phase (Bose-Einstein condensate, BEC). The many-body ground state reads,
When J/U → 0 and J ⊥ /U → 0 with U > 0, the repulsive interaction dominates and the system prefers to reduce the number of pairs in each site to minimize the energy. The ground state has equipopulation with, on average, m = N/(2M ) atoms on each site, when m ∈ Z. The strong interacting limit of one ring with incommensurate filling (m / ∈ Z) has been studied in Ref. [4] . Here we will restrict the analysis to commensurate systems.Then, the many-body localized state (Mott insulator phase, MI, in the homogenous system) corresponds to one state of the Fock basis:
B. Condensation and fragmentation
We investigate the coherence of the many-body system by analyzing the condensed fraction and fragmentation properties which are defined by the eigenvalues of the one-body density matrix [26] . For a many-body state |Ψ describing N bosons in 2M sites (two rings with M sites), the one-body density matrix,ρ, is a 2M × 2M matrix, whose elements read
where i, k = 1, ..., M and j, l =↑, ↓. Since |Ψ is normalized to one this implies that T r(ρ) = 1. The eigenvalues of the one-body density matrix are the relative occupation numbers, p i = N i /N , of the corresponding eigenvectors (single-particle states or natural orbitals). They satisfy In the case of a singly condensed system there is only one large eigenvalue p 1 ≈ 1 and the others are very small
. This means that there is a macroscopic occupation of the corresponding single-particle state ∼ O(N ) and the system is condensed. Whereas when there is more than one large eigenvalue, the system is fragmented. The ground state with largest fragmentation corresponds to all eigenvalues p i = 1/(2M ) in the Mott insulator limit.
In Fig. 3 we show the two largest relative occupation numbers, p 1 and p 2 , of two coupled trimers as a function of U/J ⊥ , with N = 6 and for different values of J/J ⊥ . For weak inter-particle interactions (U ≪ J ⊥ ) the ground state is mostly condensed p 1 ≃ 1 for all values of J/J ⊥ except when J/J ⊥ = 0. In the latter case, the sites in the same ring are fully decoupled and the system reduces to three independent double-wells with tunneling rate J ⊥ . Thus, a three-fragmented state with p 1 = p 2 = p 3 = 1/3 is obtained when J/J ⊥ = 0 and U/J ⊥ < ∼ 1. In this case the many-body wave function is not given by Eq. (7), but by a product state of three independent bosonic Josephson junctions with N/M particles in each junction, when N/M ∈ Z.
As the interaction increases and the ratio U/J ⊥ becomes large, the atoms start to localize and the system tends to a Mott-insulator-like phase in the asymptotic limit where the ground state is fully fragmented and p i = 1/(2M ) = 1/6. However, due to the particular geometry of our system with two competing tunneling rates J and J ⊥ , there are two different regimes, J > J ⊥ and J ⊥ < J, which clearly appear in the asymptotic values of Fig. 3 . When J/J ⊥ ≤ 1 the ground state reaches a fragmented state for smaller values of U/J ⊥ than when J/J ⊥ > 1. For a fixed value of U/J ⊥ , when the intraring tunneling is dominant in front of the inter-ring coupling (J > J ⊥ ), the system is less fragmented than for J/J ⊥ < 1. This follows from the condition Figure 3 shows that p 1 + p 2 ≃ 1 when J > J ⊥ , whereas when J < J ⊥ all the eigenvalues of the one-body density matrix p i = 0 which corresponds to a larger fragmentation of the ground state. The system we are considering has 2M intra-ring couplings J (that is, 2M pairs of sites connected by J) and M inter-ring couplings J ⊥ (M pairs of sites connected by J ⊥ ). Thus, when J > J ⊥ the tunneling effects are larger than when J < J ⊥ , and the ground state remains delocalized for larger values of U/J ⊥ . The system needs larger interactions to balance the delocalization promoted by the tunneling.
A complementary information is provided by the von Neumann entropy, which measures the condensation of the system. It is defined from the eigenvalues of the onebody density matrix as
It is a bounded quantity: the minimum value is S VN = 0 and corresponds to a fully condensed ground state (p 1 = 1), whereas the maximum value of S VN is ln(2M ) and occurs for a completely fragmented state with p i = 1/(2M ), for all i. When S VN = ln s (with s ∈ Z + ) the system is fragmented in s states. Figure 4 presents the von Neumann entropy for the two stacked trimers with N = 6 atoms as a function of U/J ⊥ , for the same cases J/J ⊥ as in Fig. 3 . One can see that for a fixed value of U/J ⊥ , the entropy decreases as J/J ⊥ increases; that is, the ground state is less fragmented when J > J ⊥ than when J < J ⊥ , as we have already obtained in Fig. 3 . In the limiting case J = 0 and when U/J ⊥ > 1 the entropy is given by S VN = ln M = ln 3, since the system behaves as M = 3 bosonic Josephson junctions. When J/J ⊥ ≥ 0.1 and for small values of U/J ⊥ , the ground state is almost fully condensed and S VN ≃ 0. From Fig. 4 one can see that the regime of condensation in terms of U/J ⊥ broadens when J > J ⊥ . For large interactions the system tends to the hard-core boson limit with a 2M fragmented state, whose entropy is S VN = ln(2M ) = ln 6. This regime is achieved for smaller values of U/J ⊥ when J < J ⊥ . The localization of the particles in different sites requires larger interaction strengths, U/J ⊥ > 10 2 when J/J ⊥ > 1, as we have comented in the previous figure.
C. Correlations
In general, a many-body state can be expressed in the corresponding Fock basis {|α } as |Ψ = α c α |α , where c α ∈ C are the Fock coefficients. The spatial correlations between the particles of different sites can be computed from the Fock space coefficients of the manybody state. The entropy that measures the clustering of particles in the Fock space is defined as [25] ,
This entropy distinguishes a fragmented many-body state represented by a single Fock state, with S C = 0, as well as superpositions of many Fock states, with S C > 0. In the latter case, when the many-body state with N = 2M atoms, forms a single BoseEinstein condensate, Eq. (7), the correlation entropy can be calculated analytically as
..,n2M . In Fig. 5 we plot the correlation entropy of the ground state of the two-coupled trimers, as a function of U/J ⊥ for the same values of J/J ⊥ as in Figs. 3 and 4. As we have already seen in the previous figure, when U ≪ J, J ⊥ the system is almost condensed, but the correlation entropy presents two limiting values: S C = 3.12 when J/J ⊥ = 0, and S C = 5.76 when J/J ⊥ = 0. The latter value is in agreement with the previous analytical expression of S C with N = 2M = 6. It means that when U/J ⊥ < 1 and J/J ⊥ = 0 the many-body ground state corresponds to one Bose-Einstein condensate. Moreover, the system remains condensed for larger values of the interaction U/J ⊥ as the tunneling ratio J/J ⊥ increases.
Another physical situation appears in the particular case when J/J ⊥ = 0; the system is decoupled into three independent bosonic Josephson junctions with tunneling rate J ⊥ and N/M = 2 bosons in each one. In this case, when the ratio U/J ⊥ < 1, the bosons are condensed in the single-particle state of each Josephson junction. The entropy can be also computed analytically from the three independent condensates which yields S C = 3.12 in agreement with our numerical results.
In the limit of large interactions the correlation entropy is given by S C → 0 for all values of J/J ⊥ ; since in this situation the many-body state can be approximated by one Fock state with one particle localized in each site (Mott insulator regime). The largest localization with S C = 0 is achieved for smaller values of the interaction U/J ⊥ as the tunneling ratio J/J ⊥ decreases. It is important to stress that if the number of particles is not commensurate with the total number of sites (m / ∈ Z) this yields in the Mott insulator limit S C = 0. The many-body ground state is not given by only one Fock state but by a superposition of Fock states obtained by adding the extra particles that are shared with all sites [4] .
From Fig. 5 one can see that for a fixed value of U/J ⊥ , the spatial correlation given by S C , increases for larger values of J/J ⊥ > 1 when the intra-ring coupling dominates over the inter-ring tunneling. This is in agreement with the results obtained from the previous quantities which indicate that the condensate fraction p 1 increases, and p 1 + p 2 ≃ 1, when J/J ⊥ > 1 increases. In this case the distribution of non-zero Fock coefficients of the many-body ground state is larger and thus the spatial correlations S C .
To get further insight the correlations of the particles one can compute the two-pair correlation function between two particular sites of the system. In general, the pair correlation between site i (of ring j) and site k of (ring l) is defined as:
The value of η (i,j),(k,l) gives the probability of finding one particle in site i (of ring j) when there is already a particle in site k (of ring l). It is possible to write it in matrix form whose dimension is 2M × 2M , which contains all the pair correlations between all the sites. In our system composed by two stacked identical rings, one can distinguish two types of pair correlations: intra-ring correlations η 1R ≡ η (1,j),(2,j) (correlations between two neighbor sites in the same ring coupled by J), and interring correlations η 2R ≡ η (i,↑),(i,↓) (correlations between a pair of sites, connected by J ⊥ , belonging to the two different rings).
In the two limiting regimes, the two pair correlations can be computed also analytically. Interestingly, in each regime the intra-ring and the inter-ring pair correlations are equal. That is, the correlations between two sites are the same independently of the position of the two pair of sites. In the superfluid regime, the many-body ground state is condensed (7) and it yields η BEC = (N − 1)/N . The pair correlation is independent of the number of sites since the atoms are completely delocalized. In the Mott insulator regime, the ground state has m localized atoms in each site (m ∈ Z) and from (8) it follows η MI = 1. This means that if there is one atom in one site, the probability to find an atom in another site is one.
We have calculated numerically the two pair correlations for two coupled trimers with N = 6 (filling factor 1), as a function of U/J ⊥ for different values of J/J ⊥ . Our numerical results are presented in Fig. 6 . The top (bottom) panel corresponds to the intra-ring (inter-ring) two pair correlations, η 1R and η 2R , respectively. As expected, for small values of the interaction the system is condensed and the intra-ring and inter-ring two pair correlations tend both to the superfluid limit (N −1)/N = 5/6, for all values of J/J ⊥ except for the particular case J/J ⊥ = 0.
In the top panel of Fig. 6 the two pair intra-ring correlation between two adjacent sites of the same ring coupled by J is depicted. A different behavior is appreciated when J < J ⊥ or J > J ⊥ . When J/J ⊥ = 0 the two sites in the same ring are decoupled and the system behaves as three independent bosonic Josephson junctions. Since the two sites are independent, they become uncorrelated and η 1R = 1 for all values of U/J ⊥ . In the other cases, when J/J ⊥ = 0 and the interaction is small, the system is condensed and η 1R → (N − 1)/N . As we have seen previously from the other magnitudes the system remains condensed for larger values of the interaction when J increases, in particular when J > J ⊥ . When J/J ⊥ ≤ 1 the intra-ring two pair correlation has a smooth and monotonous behavior from the condensed limit η BEC = (N − 1)/N = 5/6 to the Mott insulator value η MI = 1. Whereas for J/J ⊥ > 1 the system behaves as two weakly coupled rings and the competition between tunneling strengths causes the appearance of a minimum in the intra-ring pair correlation.
The inter-ring two pair correlation η 2R is shown in the bottom panel of Fig. 6 . Here we investigate the correlation between two sites that belong to different rings but are coupled by the tunneling strength J ⊥ . The two limiting regimes appear clearly for all values J/J ⊥ = 0 : the system remains condensed for small interactions (η 2R → 5/6) and tends to fragmentation for large interactions (η 2R → 1). In the particular case when J/J ⊥ = 0, the system acts as three independent doublewells, and the two sites behave as a bosonic Josephson junction, with N = 2 particles and tunneling rate J ⊥ , independently of the other sites; in this case when the interaction is small U/J ⊥ < 10 −1 the system is condensed (with N = 2) and thus η 2R = 1/2, increasing the interaction the system goes smoothly to the Mott insulator value η MI = 1. The behavior of η 2R increases for all values of the tunneling ratio except when J/J ⊥ < 1, where a minimum appears for interactions 0.1 < U/J ⊥ < 1.
Notice that when J/J ⊥ = 1 the intra-and inter-ring coupling is the same, and there is no physical difference between two connected sites in the same ring or connected in different rings. This leads to the same curve with J/J ⊥ = 1 for η 1R and η 2R in both panels of Fig. 6 .
D. Reduced density matrix: Schmidt gap and entanglement entropy
The spatial entanglement properties of the many-body ground state |Ψ can be characterized from the features of the reduced density matrix, obtained by performing a bipartite splitting of the system. We consider the two rings as the natural partition in two subsystems in order to investigate the entanglement between them. From the density matrix ρ = |Ψ Ψ|, tracing out the degrees of freedom of one ring, for example the bottom one, we obtain the reduced density matrix on the other subsystem, ρ ↑ , that describes the state of the top ring. The eigenvalues of ρ ↑ are the Schmidt coefficients λ The Schmidt gap is defined as the difference between the two largest coefficients of the Schmidt spectrum:
, and it quantifies the entanglement of the two subsystems. In the case of two subsystems without entanglement the Schmidt gap is ∆λ ↑ = 1, and the many-body state of the system can be written as a product state. Whereas when ∆λ ↑ = 0 there is a large entanglement between the two subsystems and the many-body state cannot be expressed as a product state.
An alternative description of the entanglement between the two rings (subsystems) can also be obtained from the single-ring von Neumann entropy, defined as S ↑ = −T r(ρ ↑ log ρ ↑ ). Using the eigenvalues of the reduced density matrix, we can rewrite
In the Mott insulator regime, since there is only one non-vanishing Schmidt coefficient λ ↑ 1 = 1, this leads to S ↑ MI = 0. In the other limit, when the system is superfluid, the state is not separable in the two rings and the entanglement entropy is non zero, S ↑ BEC = 0. Tracing out one of the rings in the density matrix we obtain the following expression for the reduced density matrix ρ ↑ (see equation (A5) in the appendix),
where n(α) is the number of particles of the Fock state |α in the top ring subspace, and C α,m are the coefficients of the ground state in the Fock basis of the two rings system. In Figs. 7 and 8 we plot the Schmidt gap ∆λ ↑ and the entropy associated to the Schmidt coefficients of the subsystem formed by the top ring, S ↑ . The two limiting cases appear clearly in both figures: large tunneling couplings U/J ⊥ ≪ 1 (superfluid limit) and large interactions U/J ⊥ ≫ 1 (Mott insulator limit). The Mott insulator In this regime the atoms are delocalized and therefore the probability to find a particle in one site is the same in all the sites, leading to a binomial distribution. In our case ∆λ ↑ = 5/2 6 ≃ 0.08 as it appears in Fig. 7 when U/J ⊥ ≪ 1. In this regime, when one ring is traced out, the system presents the same features as one bosonic Josephson junction. Thus, each ring behaves as an effective single site, while the whole system acts as an effective bosonic Josephson junction between the two rings.
1 When m / ∈ Z, the ground state will be composed by few Fock states and the two rings will be entangled. For instance, the case N = 2M ± 1 is equivalent to having only one particle in the system, with only two non-vanishing Schmidt coefficients λ ↑ 0 = λ ↑ 1 = 1/2, which leads to ∆λ ↑ = 0. 2 Note that in the superfluid regime, due to the binomial distribution, the Schmidt gap will always vanish when N is odd.
In Fig. 8 we show the entanglement entropy of the top ring. For large values of the interaction U/J ⊥ the system tends to the Mott insulator value S ↑ → 0. On the contrary, in the superfluid regime when J/J ⊥ = 0, S ↑ ≃ 1.62, which corresponds to the entanglement entropy for one site in a bosonic Josephson junction:
. This limit is not reached when J/J ⊥ = 0 since in this case the tunneling between the sites in the same ring vanishes and the system corresponds to M = 3 uncoupled bosonic Josephson junctions. In this situation the many-body ground state is the product state of three individual Josephson wave functions which yields S ↑ ≃ 3.1.
From the above entanglement results, it follows that the many-body ground state of two-coupled BH rings, when the number of bosons is even, can only be written as a product state of the two rings separately when the interaction is large in front of the tunneling (Mott insulator regime).
V. CONCLUSIONS
In this work we have considered two stacked BH rings coupled by an intra-tunneling strength, which is a system recently considered in the field of Atomtronics. We have investigated the static many-body properties of this system with commensurate filling by using exact diagonalization techniques. We have shown that the competition between the two tunneling strengths (intra-ring and inter-ring coupling), together with the interaction, determine the quantum properties of the two connected rings.
First we have studied the single-particle ground state, which can be interpreted as different configurations of the same type of vortex states in both rings. Then, in the many-body case, we have provided a comprehensive analysis of the quantum many-body features of the system. We have investigated the coherence/fragmentation properties, where we have found that the tunneling parameter J is dominant in comparison with J ⊥ . We have also studied the quantum correlations between sites. In general, the two pair correlations increase with the interaction. However, there is a range of values, J/J ⊥ > 1 (J/J ⊥ < 1), where there is a competition between tunneling strengths that causes the appearance of a minimum in the intra-ring (inter-ring) two pair correlation for moderate values of the interaction.
Finally, we have studied the entanglement of the ground state between the two rings computing its reduced density matrix. We have pointed out that in the superfluid case the non-null Schmidt coefficients of the system are the same as of a bosonic Josephson junction, and that the system is always entangled when the number of trapped atoms is an odd number. The ground state can only be written as a product state in the Mottinsulator regime and with an integer value of the filling factor.
These results show a number of interesting quantum features such as correlations between two sites and quantum entanglement that can be used to design atomtronics circuits. The investigation of dynamical properties of two stacked rings will be presented elsewhere.
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where n k are number of particles on site k. The first sites k = 1, ...M correspond to the top ring (ring ↑ ), whereas k = M + 1, ...2M to ring ↓ . Since the total number of atoms is N = 2M l=1 n l , we can rewrite the many-body state using this constraint: The following steep is to diagonalize ρ ↑ in order to obtain the eigenvalues {λ ↑ i } and from the two largest ones compute the Schmidt gap. In general, for any number of sites M and particles N the matrix ρ ↑ is given by:
α,β m δ n(α),n(β) C α,m C * β,m |α β| ,
where n(α) is the number of particles of the Fock state |α in the subspace of ring ↑ , H ↑ . This expression is valid for any system in which the bipartite splitting leads to two equal subsystems with the same dimension. For instance, consider N bosons in a Josephson junction with two sites. The many-body state in the superfluid regime (when the tunneling is larger than the interaction) is given by:
The bipartite splitting corresponds to each site. Therefore, the eigenstates of the subspace H ↑ are the Fock states of the site ↑ like |n . The reduced density matrix ρ ↑ is diagonal, whose eigenvalues (and the Schmidt spectrum) are given by the binomial distribution λ k = 2 
